For closed manifolds endowed with a Riemannian foliation of codimension 4, one can define a transversal Seiberg-Witten map. We show that there is a finite dimensional approximation for such a map. By such a method and under the condition that
Introduction
SeibergCWitten invariants are one of the main tools in the study of the differential topology of 4-manifolds. Since the foundational paper [16] , a lot of work has been done to apply this theory to various aspects of three and four-dimensional geometry. A natural idea is to extend this framework to higher-dimensional manifolds. For Yang-Mills instantons this has already been investigated by Wang [15] , under the taut-condition the compactness of the basic Seiberg-Witten moduli space is showed by Kordyukov, Lejmi and Weber [7] . For transversal Dirac operator, Brüning et al [3] give a formula to express the index, however it is very difficult to apply the formula in reality. In this paper, we will show the finite dimensional approximation for the transversal Seiberg-Witten map. One result of the paper is to define a variant Bauer-Furuta invariant with the taut condition of the foliation, using this finite dimensional approximation.
If moreover we assume that of the first basic cohomology vanishes, then there is an up bound for the index of the transversal Dirac operator of a foliated spin structure. The following theorem can summarize the another result of this paper. Theorem 1.1 Let (M, F ) be a closed oriented manifold with a codimensional 4-foliation. If we assume that M admits a foliated spin structure and the first basic de Rham cohomology vanishes,
Geometry of Foliation
In this section, we let M be a closed oriented manifold with dimension p and codimension q foliation.
Definition 2.1 A Riemannian metric g on M is said to be bundle-like, if
for any X ∈ Γ(F ), where Q = T M/T F is identified with the orthogonal complement to T F ⊥ by g and g = g F ⊕ g Q .
By [12] , we know that the bundle-like metric can be locally written as g = i,j g ij (x, y)ω i ⊗ ω j + k,l g k,l (y)dy k ⊗ dy l , where (x, y) is in the foliated chart of M and ω i = dx i + a We have the transverse Ricci curvature and scalar curvature,
where {e i } is a local g Q -orthonormal frame of Q. Actually, as the connection is invariant under the holonomy by [14, 5.14] , it can be shown that R T satisfies the condition
for any X ∈ Γ(F ). We define the basic forms Ω r b (M ) = {ω ∈ Ω r (M ) ι X (ω) = 0, L X (ω) = 0, ∀X ∈ Γ(F )}.
The mean curvature vector field τ :
, where {ξ i } is a local orthonormal basis of F . We have the orthogonal decomposition in the C ∞ -Fréchet topology [1] ,
We have the Hodge-star operator, * :
which is given by * α = (−1) (q−r) dim(F ) * (α ∧ χ F ), where χ F is the character form of the foliation,
We have that for any α ∈ Γ( r Q * ),
For the bundle-like metric, we also havē * :
Proposition 2.2 (Rummler [13] ) We get
where φ 0 belongs to
Proof By direct calculation, we have the identity
taking the integral for the terms α ∈ Ω r−1 (Q * ) and β ∈ Ω r (Q * ), one can deduce that (α∧ * β)∧φ 0 ≡ 0, therefore Here a Riemannian foliation means that a foliation carries a bundle-like metric.
Remark: It means that κ = κ b + κ 0 , where (κ 0 , ω b ) L 2 = 0 for any basic one form ω b . It can be shown that any bundle-like metric can be deformed in the leaf directions leaving the transverse part unchanged in such a way that the mean curvature form becomes basic [4] . For basic mean curvture form, it is known that dκ b = 0.
Moreover, we also have that the cohomology class [κ b ] is independent on any bundle-like metric [1] . 
taking the integral for the terms α ∈ Ω r−1 b 
We have the two cohomology groups H b (M ) and H κ (M ) associated with the operator d b and d κ respectively.
Proposition 2.6 (Kamber and Tondeur [8] ) Under a bundle-like metric g, we have a welldefined non-degenerate twisted paring
Definition 2.7
We say a foliation is taut, if there is a metric on M such that κ = 0, i.e. all leaves are minimal submanifolds.
Remark For a fixed Riemannian foliation F , the taut condition has a topological obstruction. Definition 2.8 A principal bundle P → (M, F ) is called foliated, if it is quipped with a lifted foliation F P invariant under the structure group action, transversal to the tangent space to the fiber and T F P projects isomorphically onto T F .
For a foliated vector bundle E over M , by the definition, we know that for any two connections ∇ 1 , ∇ 2 adapted to this foliated vector bundle, we have that
for all s ∈ Γ(M, E) and V ∈ Γ(F ).
Definition 2.9
For an associated foliated vector bundle E, an adapted connection is called basic, if the connection 1-form ω on its principal bundle P E satisfies
for any X ∈ Γ(F p ).
Remark: By [8, Lemma 2.29], the above definition is equivalent to say that ι X R E = 0 for any X ∈ Γ(F ). Definition 2.10 A transverse Clifford module E is a complex vector bundle over M equipped with an action of Cl(Q). A transverse Clifford module E is called self-adjoint, if it is equipped with a Hermitian metric (, ) such that the Clifford action is skew-adjoint at each point, i.e.
for any s ∈ Γ(Q) and ψ 1 , ψ 2 ∈ Γ(E). A Clifford connection on E is a connection ∇ E which is compatible with the Clifford action.
Remark: Actually, for any foliated spinc bundle E, which means that a spinor bundle E is the transverse Clifford module, self-adjoint and equipped with a Hermitian Clifford connection ∇ E . By [8, 2 .39] we can choose ∇ E to be a basic connection, as the group of bundle automorphisms preserving the foliation is compact. In this paper, we always assume that the connection is basic.
For a foliated spinc principle bundle P over M , the automorphism group G b is a subgroup of
Example: For T 4 with dense a 1-dimensional foliation V . We have that for any foliated spinc structure, the automorphism group G b consists of all constant maps. To see this, we fix a point x 0 ∈ T 4 , choose a metric on T 4 . For any x ∈ T 4 , and ǫ > 0, there is a geodesic ball at x 0 with radius δ, such that for any point x in this ball, we have
for any smooth function f . As the foliation is dense, there is a constant T (δ), such that exp(T (δ)x 0 ) locates in this ball. Since for any u ∈ G b , u is constant along this orbit exp(tx 0 ), by the above argument, we get
Note that, it is not self adjoint, whose adjoint
The transversal Dirac operator maps the basic sections Γ b (S) = {s ∈ Γ(M, S) ∇ X s ≡ 0, for any X ∈ Γ(F )} to basic sections.
Proof By the straightforward calculation, one gets that
Letting X ∈ Γ(F ) and ψ ∈ Γ b (S), on the above formula we have that the second and third terms vanish, the first and last terms cancel.
Let E be a foliated vector bundle on M equipped with a basic Hermitian structure and a compatible basic connection ∇ E , we define 
Theorem 2.14 basic Sobolev multiplication theorem Let 0 ≤ l ≤ k, under the setting of above theorem, we have the following continuous maps:
Before the construction of the Bauer-Furuta invariant, we need to define what the transverse elliptic operator is. Definition 2.15 An operator L is transverse elliptic if its transverse symbol is an isomorphism away from the 0-section, i.e. σ(p, y) is an isomorphism for any p ∈ M and non-zero y ∈ Q * p . 
We assume that f satisfies the bounded condition in the rest of this note. Let W ⊂ H be a finite dimensional linear subspace,
is a deformation retract, the retract map ρ W can described as follows:
• W + maps to the equatorial S(R ⊕ W ⊕ 0) and S(W ⊥ ) maps to S(0 ⊕ 0 ⊕ W ⊥ ).
• The retract homotopy shrinks the latitudes in
Remark: ρ W has the property that: For h ∈ H \ W ⊥ , the vector ρ W differs the projection pr W (h) to W by a positive scalar, i.e. ρ W (h) = λ(h)pr W (h).
Lemma 3.2 ([2])
There exists V ⊂ H a linear subspace, such that the following hold:
We denote by π n (X) = [X, S n ]. Let X be of any CW-complex.
If (X, A) is a pair of CW-complex, with dim ≤ 2n − 2, then we have
where A is a closed set and
[f ] = lim
Sometime we also denote by
Let f : E ′ → E be a continuous map between Hilbert bundles over compact manifold
here T (E ′ ) denotes for the Thom space. Let λ := F 0 − F 1 belongs to the K-group of Y , such that
If everything admits a G-action, i.e. G-equivariant spectrum λ with G-manifold Y , then we have the group
High dimensional Bauer-Furuta invariant
In this section, we let M be a closed oriented manifold with codimension 4 -foliation. We choose a bundle-like metric g := g F ⊕ g Q .
We suppose that Q admits a foliated spinc structure, for rank of Q is 4, it admits a spinor bundle S = S + ⊕ S − . We define the basic Seiberg Witten equation, by
for the pair (A, ψ) ∈ A b (det), ψ ∈ Γ b (S + ). The basic gauge group G b consists of leaf-invariant U (1)-valued function.
We define the operators l, c : iΩ
Lemma 3.5 l is a Fredholm operator.
Proof As l is a first-order elliptic operator, it suffices to verify the regularity of l. Here we use the idea of [6] 
q is a plague-preserving diffeomorphism. Assume that each plaque in Ω i intersects at most one plaque in Ω j for i = j. The the foliation cocycles τ ij : φ i (Ω i ∩ Ω j ) → φ j (Ω i ∩ Ω j ) can be introduced by matching the plaques, where φ i : Ω i → R q is the composition of ϕ i with the canonical projection R p × R q → R q . Denoting by Hol the holonomy pseudogroup generated by (τ ij ), i.e. each element of Hol is a finite chain of cocycles. For every i, fix a q-dimensional submanifold Y i ⊂ M so that φ i restricts to a diffeomorphism
Each basic function or forms is in 1 − 1 correspondence with an ordinary Hol-invariant objects on Y . The holonomy invariant metric g Q associates with an ordinary metric g Y on Y such that Hol action isometrically, and vice-versa.
On each such a foliated atlas, we denote by g i the corresponding Hol-invariant function on Y i . Here we give a brief introduction of the construction.
We choose a smooth partition of unity 1 = N i=1 ρ i , with respect to this local covering, such that supp(ρ i ) ⊂ Ω i . We define a function θ = (θ i ) on Y by
where P y is the plaque through y ∈ Y i and χ F is the characteristic form. In the same spirit the modified Fourier transform,f = (f i ) can be defined bŷ
Modifying the standard argument of [9, Chapter 3], one obtains the regularity for l.
Proposition 3.6 (Glazebrook and Kamber [10] ) Let (M, F, g Q ) be the manifold admitting the above condition, we have
. For the convenience, we denote by
Proof We have
and for the term m i,j=1
where II(e i , e i ) denotes the 2nd fundamental form. Here to compute the curvature part, we use the classical way, the exactly same way to show the classical Weitzenböck formula.
Lemma 3.7 (KLW [7] ) 
Proof The way is similar to the classical bound formula.
Let x 0 be a point where |ψ| 2 is maximal. Then, τ |ψ| 2 = 0, i.e. ∆ gQ |ψ 2 | = ∆ b |ψ| 2 , where ∆ gQ is the usual Laplacian associated with the metric g Q . The results follows.
By using the saluted neighborhood and the partition of unity, we get the basic Sobolev embedding and Sobolev multiplication.
Proposition 3.9 Setting 0 ≤ l ≤ k, we have the following statements.
, we have that the quotient B = C/G b is a Hausdorff space.
Proof It suffices to show that for any two sequences {(A n , Φ 1 n )}, {(B n , Φ 2 n )} ⊂ C converging to (A, Φ 1 ) and (B, Φ 2 ) respectively. If for any n, there exists g n ∈ G b such that
then {g n } has a converging subsequence. The proof is a routine, here we just give a outline. By the Sobolev multiplication lemma
and the fact that g n ∈ L 6 and (
2 is bounded, and from the fact that L
bounded By the Rellich embedding lemma, {g n } has a converging subsequence in L
We define the map
, where A b denotes the set of all basic spinc connections and a ha denotes the the image of the projection to the ker(d
Sinceμ is G 0 -equivariant, we set µ =μ/G 0 : A → C. Proof We let µ(A, φ, a) = (A, ϕ, b, a ha ) ∈ C k−1 be bounded by some constant R. By the Weitzenböck formula, we get
together with the inequality
Therefore, we get
is of finite dimension, any two norms are equivalent, hence we omit the subscript of the norm. We get
At the maximum of |φ| 2 , we have that ∆ b |φ| 2 ≥ 0 and τ |φ| 2 = 0, hence
∞ -bound and L s -bound for (φ, a). By the standard bootstrapping method, we get the desired result.
The monopole map defines an element [µ] in the stable cohomotopy group,
where 
+ is the standard inclusion. The value is taken the signed counting number of the preimage of a generic fixed point, i.e. a finite number of oriented S 1 -orbits.
4 Proof of Theorem 1.1
In this section, we assume that a codimension-4 foliation of (M, F ) admits a foliated spin structure. Fixing a bundle like metric g Q , one has the associated transversal Dirac operator, / D b . Recall that the operators l, c : iΩ
, are defined as the following:
By the straightforward calculation, one can refer the work in [5] , we have the following lemma.
Using lemma 4.4 (2) again, we have
By the above estimates, we have
contradicting to our condition.
Proof For v ∈ V λ , we have v = ν≤λ v ν , for ν ≤ λ, and
By the above lemma, we have
where D λ denotes the restriction of l and c λ = pr λ • c.
Lemma 4.8 l λ + c λ : V λ → W λ has no zero point, on a sphere with radius R.
Proof For v V = R, by lemma 4.5,
combining with lemma 4.6, we have
Thus, l + p λ c : V → W has no zero point on the ball with radius R, after taking the restriction, the lemma is proved.
Lemma 4.9 For any large λ, as a representation of P in(2), we have
where m, n and k are some non-negative integers.
Proof For l : V → W , we have two operators, (1) If k > 0, then {α ∈ R(P in(2)) ρ l (F )α = ψ l (α)ρ l (E)} ⊂ ker(R(P in(2)) → R((S 1 )),
where the right hand side map is induced from S 1 ֒→ P in(2).
(2) For α ∈ ker(R(P in(2)) → R(S 1 )), if
then we have 2k + 1 ≤ b + .
The theorem is proved. 
